
Section 5.4 - Comparison Tests  
So far in our study of infinite series, we have seen a number of approaches to testing for
convergence or divergence: partial sums, telescoping series, geometric series, th term test,
integral test, -series, and logarithmic -series. Unfortunately, we've only scratched the surface!

In this section, we'll learn how to compare series.

Theorem 1 (Direct comparison test)  

Suppose  and  are infinite series whose terms satisfy  for all  greater

than or equal to some fixed positive integer .

1. If  converges, then  converges.

2. If  diverges, then  diverges.

Roughly speaking, this theorem says...

For series with positive terms, if a bigger series converges, the smaller series must
converge. On the other hand, if a smaller series diverges, the bigger series must diverge.

In order to use comparison tests, we must have a collection of well-known series from which we
can draw examples. The most common "well-known" series we will use are the geometric series,

-series, and logarithmic -series.

Example 1  

Determine whether  convergences or diverges.

Let's compare this series with the convergent ( ) geometric series . Notice that both

are series with only positive terms. Now, for all positive integers ,

This should be pretty clear, since the numerators are equal and the left has a bigger
denominator. It follows that our original series is "smaller" than the geometric series. Since the

geometric series converges, the series  must converge by direct comparison. 

Example 2  

Determine whether  convergences or diverges.

Notice that  is a divergent -series ( ). but since

af://n0
af://n4
af://n16
af://n21


our original series is "smaller" than a divergent series. This comparison is not useful or helpful.

Instead, let's compare with the harmonic series, .

First notice that

for all integers . (If you are not already sure about that fact, think about the graphs of 
and  and where the intersect.) It follows that

Therefore our original series is "bigger" than the harmonic series. The series 

diverges by direct comparison. 

Sometimes direct comparisons can be very difficult to use, especially when you have an
appropriate comparison series chosen, but you cannot prove the required inequality. (This
happened at the beginning of example 2). In these cases, limit comparison may come to the
rescue. The limit comparison test will become one of our favorites.

Theorem 2 (Limit comparison test)  

Suppose  and  are series whose terms are positive (or eventually positive).

1. If , then the series either both converge or both diverge.

2. If  and  converges, then  converges.

3. If  and  diverges, then  diverges.

Example 3  

For any positive numbers  and , the series  diverges.

Let's use limit comparison to compare with the harmonic series. (Recall that the harmonic series
diverges.)

which is positive and finite. Therefore, the original series diverges by limit comparison. 

Example 4  

Determine whether  convergences or diverges.
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Because the dominant terms of the numerator and denominator are  and , respectively, it

makes sense to compare the series with  = . This comparison series is a convergent 

-series ( ).

Since the limit of the ratio of terms is finite and positive, it follows that the original series
converges along with the comparison series. 

Example 5  

Determine whether  convergences or diverges.

Because the dominant terms of the numerator and denominator are  and , respectively, it
makes sense to compare the series with . What can we say about our comparison series?

By L'Hopital's rule,

and it follows that the comparison series diverges by the th term test. Now let's use limit
comparison...

The original series diverges by limit comparison. 

Example 6  

Determine whether  converges or diverges.

Although it may not be an obvious choice, let's use limit comparison with the convergent -series 

.

Now let . If follows from L'Hopital's rule (some details omitted) that

So, the limit of the ratio of terms goes to zero. Since the comparison series converges, the
original series must converge. (See 2nd part of theorem 2.)

There are lots of choices that could have been made for the comparison series. When dealing
with logarithms, it is important to keep in mind that  grows slower than ANY positive power of

 as . So, in this example, we really just used the idea that  is eventually less than .

Another thing to keep in mind is that we can use SageMath or Wolfram Alpha to check our limits.
The SageMath syntax for the limit in this example is
var("n");limit(ln(n)^2/sqrt(n),n=Infinity) . 
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