
Section 5.3 - The th Term Test and the
Integral Test

 

In section 5.2, we were introduced to infinite series. We learned that a series converges if and
only if its sequence of partial sums converges. Based on this idea, we must look at partial sums to
determine convergence, not at the individual terms of the series. It is very difficult to come to the
realization that we must do more than look at terms in order to determine convergence.

You will come to see that explicitly finding a formula for the partial sums is usually very difficult, if
not possible. We need other approaches! Having said that, we now would like to develop tests
that help us determine convergence or divergence.

Theorem 1  

If the series  converges , then the terms of the series tend to zero, that is, .

Example 1  

Look back at the examples from the previous section. Notice that for each convergent series, the
terms of the series approach zero. 

Theorem 2 ( th term test for divergence)  

If  or the limit does not exist, then  diverges. (This is a test for divergence only!)

Example 2  

Determine whether  converges or diverges.

As a general rule, we should get into the habit of applying the th term test before we do any
thing else. In this case,

so the series diverges. We never even had to look at any partial sums! 

Example 3  

Think about the harmonic series .

We already know from section 5.2 that this series diverges. Nonetheless, if we apply the th term
test, we find that

The th term test is inconclusive! The test only tells us what happens if the terms do NOT
approach zero. In this case, the terms approach zero, and the test tells us absolutely nothing. 
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Theorem 3 (The integral test)  

Suppose  is a series with positive terms and  is a function that is continuous, positive-
valued, and decreasing for all  greater than or equal to some fixed positive integer . If 

 for all , then

either both converge or both diverge.

Two comments before some examples...  

1. The integral test is a nice test, but it usually requires a lot of work. We will learn about nicer
tests. In the long run, this will probably be one of our least favorite tests!

2. If the series and the integral both converge, the theorem does NOT say that they will have
the same values. They won't! There is a theorem in the textbook that describes how you can
use an integral to approximate the sum of a series.

Example 4  

The harmonic series, , diverges.

Let . For ,  is positive, continuous, and decreasing (it has a negative derivative!).

Furthermore, .

The integral diverges, and therefore the series diverges. 

Example 5  

Determine whether  converges or diverges.

A quick check of the th term test shows that

The th term test tells us nothing, so let's try the integral test.

Let  for .  is positive and continuous. Furthermore,

so that  is decreasing. Now we evaluate the improper integral...
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The integral converges, and therefore the series converges. 

Theorem 4  

For any real number , the series  is called a -series. A -series converges if and only if 

.

(It is easy to prove theorem 4 by using the integral test. A proof is in the textbook.)

Example 6  

Determine whether  converges or diverges.

This is a -series with . It diverges. 

Example 7  

Determine whether  converges or diverges.

This is a -series with . It converges. In fact, it can be shown that . This was

first proved by Leonhard Euler, whose name you'll see a lot. 

Theorem 5  

For any real number , the series  is called a logarithmic -series. A logarithmic -

series converges if and only if .

(It is also easy to prove theorem 5 by using the integral test.)

Example 8  

Determine whether  converges or diverges.

Since  is a logarithmic -series with , it converges. Therefore the original

series converges. 
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