Math 236 - Assignment 6 Name
February 28, 2024 Score

Show all work to receive full credit. Supply explanations when necessary. This assignment
is due March 6.

1. Prove that a composition of isomorphisms is an isomorphism. More formally, suppose
g:U — Vand f:V — W are isomorphisms. Show that fog : U — W is an
isomorphism, where (f o g)(z) means f(g(z)).

Solution

Onto:  Let @ be an arbitrary vector in W. Since f is onto, there exists a vector v € V

such that f(¥) = . Since g is onto, there exists a vector @ € U such that g(@) = v.
For this i, we have f(g(@)) = f(v) = .

One-to-one:  Suppose f(g(@)) = f(g(v)). Since f is ono-to-one, we must have g(u) =
g(v), and since g is one-to-one, we must have « = v.

Linear:  f(g(aZ + pY)) = f(ag(Z) + Bg(y)) since g is a linear map. Furthermore,
flag(®) + Bg(7)) = af (9(Z)) + Bf (9(7)

since f is a linear map.

2. f and g are functions from R? into R? as defined below:

x x
0 1
o p=() alu)=(1)-
z z
Show that one is a homomorphism and one is not.

Solution

f is the zero map. It is a homomorphism:

() 5 (w )= () =a () +5 (5) =er{w hress(m ]

21 <2
g is not a homomorphism:

ot ] +8 ()= () 2 (1) +8 () =ast [ )0t [

21 22 21 Z9



3. Show that f: My, — R is a homomorphism.

f(<$ Z))zQa—i—Sb—l—c—d

Solution

ai bl [05)) bz . oy + 5&2 Oébl + ﬁbg
f(Oé (01 dl) + 6 <CQ d2>> N f(<0é01 + 602 del + ﬁd2)>
= 2(aay + Pag) + 3(aby + Bby) + (acy + Beg) — (ady + Bds)

:a(2a1+3b1+cl_d1)+5(2a2—|—3b2—|—02—d2):af((al 21>)—|—5f((a2 22))
1 Co 2

&1

4. Let d : R* — R be defined by

d( ) = (zi+ yj+ zk) - (i + 27 — 3k).

INEI S

Show that d is a homomorphism. (The centered dot denotes the dot product from
Calculus III.)

Solution

First, expand the dot product to write

x
d(ly|) =242y —3z.
z
Now
T i) axry + 61'2
dla{y | +8 |y |)=d(| ayr+ By |)
Z1 Z9 oz + 622

= (ax + f2) + 2(ayr + By2) — 3(az1 + Bz2) = axy + 2y1 — 321) + (@ + 2y2 — 329)

X1 X2
=ad(| v |)+Bd(| v |)-
21 Z9

5. Assume that h : V — W is a homomorphism. The null space of h is
N(h) = {7 € V : h(¥) = Ow}.

Show that the null space is a subspace of V.



Solution

Let o and (8 be arbitrary scalars, and let Z and ¢ be arbitary vectors in N(h). It follows
that ah(Z) + Sh(y) = Oy because ¥ and ¢ are in the null space of h. Furthermore,
since h is a homomorphism,

Ow = ah(Z) + Bh(¥) = h(aZ + BY).
Therefore, ai + py € N(h).

. Assume that h: V — W is a homomorphism. The range of h is
R(h) = {w € W : @ = h(?) for some v € V}.

Show that the range is a subspace of W.

Solution

Let a and § be arbitrary scalars, and let & and i be arbitary vectors in R(h). Because
Z and g are in the range space of h, there are vectors u,v € V such that

h(i@)=%  and  h(7) =7.
Now since h is a homomorphism, it follows that
aZ + By = ah(d) + Bh(V) = h(aud + BY).

Finally, since V' is a vector space, at + v € V, and we see that ax + By is the image
under h of a vector in V. That is, aZ + py € R(h).

. For the map h : R® — R? given by
x
il )= (51Y)
z
find the range space, rank, null space, and nullity.

Solution

ane e {(47) e 8]
e+ (e ()emeer
(0. () =

The rank of h is the dimension of the range space of h. That is 2.



X

Null space = yl:x+y=0andz+2=0
z
T 1
= —x|:xeR )= —1l)xz:zelR
—T —1
1
=span(g | —1] 7)
-1

The nullity of A is the dimension of the null space of h. That is 1.

. Suppose h : V — V is a homomorphism and that B = (51, Bo, ... ,B;L) is a basis for V.
Prove the statement: If h(5;) = 0 for each basis vector, then A is the zero map.

Solution

Let ¥ be an arbitrary vector in V. Since B is a basis, there exist constants ¢y, co, ..., ¢,
such that
T=c1f1+ c2ffa+ -+ cufn.

Now, since h is a homomorphism and h maps each basis vector to 6, we have,
h(v) = h(0151+0252+' : '_’_Cnﬂ_;L) = C1h(51)+02h(g2)+' : '+Cnh(5n) = ¢10+¢o0+ - ~+¢,0 = 0.

In summary, we've found that h(%) = 0 for any vector in 7 € V.

. Make up two different nontrivial homomorphisms from R? into P,. Call them f and
g. Prove that 2f + 3¢ is a homomorphism from R? into P,.

Solution

Let f:R? — P, be defined by
f(((g)) =a+ ax + ba?,
and let g : R? — P, be defined by

g( (Cb‘)) — bz + az?.

f and g are homomorphisms (details omitted).

The function h = 2f 4 3¢ has the action

h( (Z)) = 2a + (2a + 3b)x + (2b + 3a)z”.

It is completely routine to show that A is a homomorphism. The details are omitted.



