Math 236 - Assignment 5 Name
February 25, 2026 Score

Show all work to receive full credit. Supply explanations when necessary. You may use
technology to solve any linear systems. This assignment is due March 4.

0 1 3
1. Consider the matrix M = [ -1 0 1
-1 27
(a) Determine whether the row (1 1 1) is in the row space of M.
Solution
The system
(1 1 1)=( 1 3)a+(-10 1)b+ (-1 2 7)c

gives

—b—c=1, a+2c=1, 3a+b+T7c=1.

The corresponding augmented matrix and its RREF are:

0 —1 —1 1 ¢ (1020
1 0 2 1 e 0110
3 1 7 1 0001

No, (1 1 1) is not in the row space of M. The last row of the RREF above
shows a contradiction.

(b) Find a basis for the row space of M.

Solution

0 1 3 ¢ (L0 -1
—1 0 1 T o1 3
127 00 0

From the RREF of M, we see that a basis for the row space is
Brp={((1 0 —-1),(0 1 3)).

(c¢) Find the representation for the row (—3 8 27) in terms of your basis.

Solution

The system
(-3 8 27)=(1 0 —1)a+(0 1 3)b

gives
a=-3, b=8, —a+ 3b=2T.

Repy, (-3 5 27) = ()



. Argue that the rank of a matrix is equal to the rank of its transpose.

Solution

The rows of AT are the columns of A. Therefore the column rank of A is the row rank
of AT. Similarly, the row rank of A is the column rank of AT. But since row and
column rank are equal, all these ranks have to be the same.

. Give an example to show that the column space of a matrix and the row space of the
matrix are, in general, not the same even though they have the same dimension.

Solution

A very simple example is a 1 x 2 matrix such as M = (1 2). The row space is the
set of all scalar multiples of (1 2), which is a subspace of M. On the other hand,
the column space is R. Both have dimension 1, but they are distinctly different spaces
(but they are isomorphic!).

. Suppose that A € M,,,x,,. Argue that the rank of A is less than or equal to min{m, n}.
Solution

Since row rank and column rank are always equal, the rank cannot exceed the number
of rows (m), and it also cannot exceed the number of columns (n). So r < m and
r < n. Therefore r < min{m,n}.

. Describe all matrices that have rank 0. Then find a general description for all matrices
of rank 1.

Solution

The only m X n rank-zero matrix is the m X n zero matrix.

A rank-one matrix must have at least one nonzero row (and column). Each nonzero
row (or column) must be a scalar multiple of any nonzero row (or column).

. Consider the function F': R* — My defined by

-1

F(

QL O o2

Show that F' is one-to-one and onto.
Solution

Onto:  Let (:@ fb) be an arbitrary element of Myyo. Then (¢ —n,m, k,n)T € R*



and

One-to-one:  Suppose

C1 d1

c d
F(lep=F( g

Cy dy

Then
g c1teq)  [(dy di+dy
Co Cy N d2 d4 ’
from which it follows that
c3=ds, ci+tca=d+dy, co=dy, c4=dy.
From this, we get that

cr=di, ca=dy, c3=d3, c4=dy4.

7. Define three different isomorphisms between R? and P,. You don’t need to prove that
they are actually isomorphisms (just be sure of it).

Solution

These are pretty obvious isomorphisms...

a a
Fi(lb])=ax?+br +c (b)) =ct*+bxr+a,
c c
a
(b |)=ba*+ax+c
c

8. Explain why an isomorphism between R? and Ms,» does not exist.

Solution

The vector spaces have dimensions 3 and 4, respectively. If there was an isomorphism
from one onto the other, then the spaces would be isomorphic. But if they were
isomorphormic, they would have the same dimension.



9.

10.

11.

Show that the map F : Py — Py given by F(az® + bz + ¢) = bz — (a + ¢)z + a is an
isomorphism.

Solution

Onto:  Let cpx? + 17 + ¢y be an arbitrary element of Py. Then
60.172 + Cox + (—CO — Cl> S ?2 and

F(C()JJQ + Cox + (—C() — Cl)> = 021’2 + c1xr + ¢p.

One-to-one:  Suppose F(c2z? + 12 + ¢o) = F(dsz® + dyz + do). Then
a1z’ — (co+ co)r + 2 = diz? — (dy + do)x + ds.

It follows that
e =d; ¢y + co = dg + dy, cy = dy,

from which it follows that

ca=dy, ¢ =di, co=dp.

Linear:  Let p(z) = cox® + c10 + ¢o and q(x) = dyx® + dyx + dy be arbitrary elements
of Py, and let o, 5 € R.

F(ap(z) + Bq(x)) = -+ = F((acy + Bdy)x* + (acy + Bdy)x + (acy + Bdy))
= (OéCl + ﬂd1)$2 — [Q(CQ + Co) + /B<d2 + do)] + (OZCQ + ﬂdz)
= aleir? — (ca + co)z + o) + Bldix? — (dy + do)x + do]
aF(p(z)) + BF(q(x)).

For an arbitrary 2 x 2 matrix A = (Z Z

ad — be. Show that the determinant function is not an isomorphism from Mss into R.

) , the determinant of A is defined by det(A) =

Solution

The determinant function is not one-to-one. For example, let

11 2 2
r=(i1) e=(d)
Then det(P) = det(Q) = 0, but P # Q.

Suppose that h : V' — W is a homomorphism and that {v7,v3,...,v,} is a linearly
dependent set in V. Prove that {h(v7), h(v3),...,h(v;)} is a linearly dependent set in
w.



Solution

Since v1,vs, ..., 0, are dependent, at least one of the ¢’s in the following equation is
NONZero:
€101 + CoU + -+ + Uy, = Oy

Since h is a homomorphism,
h(c101 + o5 + - -+ + ¢,0y,) =

e h(07) + ch(53) + - - - 4 cuh(1) = h(0y) = Oy

Since at least one of the ¢’s is nonzero, the vectors h(v1), h(v3), ..., h(v;,) are linearly
dependent.



